Combining the process-chain method with a symbolized evaluation we work out in detail a highorder symbolic strong-coupling expansion (HSSCE) for determining the quantum phase boundaries between the Mott insulator and the superfluid phase of the Bose-Hubbard model for different fillings in hypercubic lattices of different dimensions. With a subsequent Padé approximation we achieve for the quantum phase boundaries a high accuracy, which is comparable to high-precision quantum Monte-Carlo simulations, and show that all the Mott lobes can be rescaled to a single one. As a further cross-check, we find that the HSSCE results coincide with a hopping expansion of the quantum phase boundaries, which follow from the effective potential Landau theory (EPLT).
I. INTRODUCTION
In recent decades, strongly correlated systems play a crucial role in condensed matter physics. For hightemperature superconductors, 1 the on-site interaction between fermions becomes more dominant than the hopping processes. Thus, considering the hopping term as a perturbation, the Hubbard model can be reduced to the t − J model or the Heisenberg model at half filling. The bosonic counterpart is the Bose-Hubbard model, 2 which has extensively been studied theoretically and can be realized experimentally using a gas of bosonic atoms in optical lattices. 3, 4 By reducing the tunneling processes via a deeper lattice potential or by using the Feshbach resonance technique in order to increase the interaction, those lattice systems can be tuned such that a quantum phase transition from a superfluid to a Mott insulator phase can be observed. 3, 4 But also magnetic atoms, 5 dipolar molecules, 6 or Rydberg atoms 7 can be loaded into an optical lattice, so that the strong long-range and anisotropic dipolar interaction plays a major role. In contrast to the weakly interacting case, strongly dipolar correlated systems exhibit many exotic phases, such as supersolid, [8] [9] [10] [11] superradiant solid, 12 or other topological phases.
13
The Bose-Hubbard model, 2 which describes the quantum phase transition between the Mott insulator to the superfluid phase, is defined by the Hamiltonian
where ij represents a sum over nearest-neighbor sites, t denotes the hopping matrix element,b † i (b i ) creates (annihilates) a particle on site i,n i =b † ib i abbreviates the number operator, U stands for the on-site repulsion, and µ is the chemical potential. The quantum phase transition was first established by using mean-field theory, 2 but it is possible to obtain more accurate results by using a strong-coupling expansion (SCE) method, which was proposed by Freericks and Monien some time ago.
14
The strong-coupling ground state is given in the particle number representation, while the hopping term is treated as a perturbation, so that the energy of both the Mott insulator and a single particle (or hole) excited state can be calculated perturbatively. By equating the respective energies, the critical line between the Mott insulator and the superfluid phase can be deduced. In comparison with the mean-field approach, 2 this strong-coupling expansion method shows a higher accuracy for lower spatial dimensions, especially after an extrapolation to higher orders. Therefore, SCE has been used successfully to study the Bose-glass phase in the superlattice, 15 twospecies bosons loaded into d-dimensional hypercubic optical lattices, 16, 17 and the supersolid-solid quantum phase transition. 18 In particular, the strong-coupling expansion method has turned out to be efficient for the secondorder transition from an incompressible to a compressible phase. However, the calculation effort turns out to increase with the order and filling in form of a power law, so analytic expressions from SCE are usually limited up to the fourth order.
In order to obtain higher orders than the 10th order, Eckardt et al. developed a computer assisted processchain algorithm (PCA) 19, 20 based on Kato's formulation of the perturbation calculus. 21 Using the PCA, highprecision results were obtained for both the ground-state energy and the correlation function within the Mott insulator. 20 Furthermore, by implementing PCA for the effective potential Landau theory (EPLT), 22, 23 the critical line of the quantum phase transition from the Mott insulator to the superfluid phase was determined with high precision 20, 24 so that even the corresponding critical exponents can be extracted. 25 In order to deal with degenerate states, such as particle-hole excitations, the PCA must be modified, as was shown by Heil and Linden for a one-dimensional (1D) system. 26 An alternative SCE approach by Elstner and Monien also obtained high-order results which can be applied to low dimensions and low filling. 27 However, a general analytic expression for quantum phase boundaries of different fillings, orders, and dimensions is still lacking. They may help, for instance, to hint at a scaling relation between different fillings.
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In addition, it is still unclear how SCE and EPLT are related although both methods deal with a perturbative hopping expansion.
In this paper, we work out a high-order symbolic SCE algorithm (HSSCE) and combine it with PCA for degenerate states in order to obtain the quantum phase boundary of the Bose-Hubbard model. To this end we briefly review in Sec. II the strong-coupling expansion, for which we propose an efficient method and list the general analytic strong-coupling series up to eighth order on chain (1D), square (2D), and cubic (3D) lattices for arbitrary filling n. Then the respective quantum phase boundaries are obtained in Sec. III in the thermodynamic limit by applying the Padé resummation method to the strongcoupling series and by comparing the results with those from numerical high-precision calculations. In Sec. IV, based on the analytic expression of the critical line for arbitrary filling, we rescale the Mott lobes to the infinite filling Mott lobe. Afterwards, in Sec. V, we show that the HSSCE results coincide with a hopping expansion of the high-order effective potential Landau theory (HEPLT). Finally, we draw our conclusions in Sec. VI. In addition, in order to assist writing a code, we work our algorithm in detail in Appendix A and also attach the Matlab code in the Supplemental Material.
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II. STRONG-COUPLING EXPANSION FOR THE BOSE-HUBBARD MODEL
The strong-coupling expansion method is based on treating effects of the hopping matrix element perturbatively. It can be used to determine the second-order critical line of the incompressible phase, whose melting is caused by a proliferation of particle or hole excitations. Based on the work of Freericks and Monien, 14 one determines at first the unperturbed ground-state wave function of both the incompressible state and the particle (hole) excited state. Then one calculates the respective ground-state energies in terms of a hopping expansion by applying non-degenerate and degenerate perturbation theory, respectively. At last, by comparing the resulting ground-state energies, the corresponding critical line is deduced.
Let us consider the second-order quantum phase transition of a Mott insulator as a concrete example, which is described by the Bose-Hubbard model (1) . The dominant part is provided by the on-site repulsive interaction together with the chemical potential, i.e. is the hopping termĤ
. When the tunnel matrix element t vanishes, the ground state of the Mott insulator with filling n is non-degenerate and uniquely given by |ψ
In contrast to that, the particle excited stateb † j |ψ (0) M is degenerate for t = 0, since no matter at which site the additional particle is located, the corresponding ground-state energies coincide.
The ground-state energy of the Mott insulator reads in zeroth order of the tunnel matrix element
, where N denotes the number of lattice sites. The first-order ground-state energy correction turns out to be zero, so the first non-vanishing correction is of second-order and follows from E (2)
M − E i ), where |e i denotes an excited state with energy E i . According to Fig. 1 (a) , the second-order processes correspond to the case that each particle is hopping to the nearest neighbor site and then back. Thus, the second-order perturbation energy yields E (2) M = −z(n + 1)N t 2 /U where z = 2d stands for the coordination number of a d dimensional hypercubic lattice. Then the ground-state energy of the Mott insulator up to second order in the tunnel matrix element is given by
M / √ N n. Now we turn to secondorder processes, where Fig. 1(b) and (c) depict via red solid arrow diagrams the two possible types, which occur in the presence of one additional particle. The first diagram is an open diagram, which is characterized by |211 → |202 → |112 with |n k n p n q denoting the occupation of the respective sites k, p, q and has the corresponding energy −(n + 1)t 2 /U . The second one is the closed diagram |21 → |30 → |21 with |n k n p representing the occupation of the sites k, p and the related energy −(n + 2)t 2 /(2U ).
Note that the open diagram Fig. 1(b) has the multiplicity z(z − 1), whereas the multiplicity of the closed one in Fig. 1(c) is given by z. Besides that, we have to take into account in Fig. 1(b) and (c) that there are additional z(N − 2) closed diagrams, indicated by black dashed arrow diagrams, which are not related to the additional particle. Thus, the second-order ground-state energy results in E (2)
/U and the total energy of the particle excited state is given by
p . Finally, equating the Mott and the particle excited ground-state energy according to E M = E p , we get the following critical line up to second order in the tunnel matrix element t:
However, the number of arrow diagrams is of the order of the lattice size N , so this calculation is not practical in the thermodynamic limit even with the process-chain approach. Therefore, we introduce here a novel strongcoupling method, which turns out to be more practical and efficient as it is quite suitable for a computer implementation. From the above derivation of the secondorder result for the critical line, we read off that perturbative calculations follow more easily from neglecting all energy contributions, which are not related to the site k, where the additional particle is located, as all those contributions irrelevant to site k in E M and E p cancel each other at the end. Thus, in order to obtain the critical line to higher orders in the tunnel matrix element most efficiently, we need to consider the following three steps: (i) We calculate the energies of the diagrams related to the site k based on the ground state |ψ (0) M , and name them energy corrections. To this end we only need to find all closed arrow diagrams related to site k and calculate the contribution for each diagram to the non-degenerate ground-state energy. In Fig. 1 (a) , we have z hopping processes, where a particle at site k hops to a nearest neighbor site and then back, as well as z hopping processes, where a particle at a neighbor site hops to site k and back, thus the second-order energy correction results is −2z(n + 1)t 2 /U . (ii) We only determine the energy, which is related to the additional particle, and name it strong-coupling (SC) energy. To this end we need to find all arrow diagrams related to site k and calculate the contribution of each diagram to the degenerate ground-state energy. In Fig. 1 , the diagrams (b) and (c) have the multiplicity z and z(z − 1), respectively, thus the corresponding SC energies read −z(n + 2)t 2 /(2U ) and −z(z − 1)(n + 1)t 2 /U . (iii) Equating the energy of processes (i) and (ii), we obtain the resulting SCE critical line. Based on this strong-coupling expansion method, we only need to consider a finite number of diagrams, combine their evaluation with the process-chain method, and then obtain their perturbative value. Note that for the case of the hole excitation, the calculations proceed similarly, except that the arrows point then in the direction, where the hole moves.
In order to implement this method, we used an algorithm proposed by Heil and Linden, 26 but in our case each step is realized in terms of a symbolic calculation. Then, the representation of the coefficients in each order is an analytic function of both the filling n and the hopping amplitude t. In order to make the implementation of the algorithm more explicit, we explain the details in Appendix A, and make the corresponding Matlab code available in the Supplemental Material. 42 With this we have determined the critical lines of the quantum phase diagram of the Bose-Hubbard model for a general Mott lobe n, which were obtained with symbolic calculations up to the 8th order. The strong-coupling results for both the upper and the lower critical line of the Mott insulator with respect to both particle and hole excitations are defined according to
and
respectively. The analytic expressions with coefficients up to 8th order are given in Appendix B.
III. QUANTUM PHASE DIAGRAM FOR BOSE-HUBBARD MODEL
In order to reconstruct from such perturbative results the whole quantum phase diagram in the thermodynamic limit, we need to know the scaling behaviour of the quantum phase transition. According to previous works, 2,30 the Mott-superfluid quantum phase transition of the Bose-Hubbard model with dimension d ≥ 2 belongs to the d + 1 dimensional XY universality class. But in one dimension the quantum phase transition turns out to be of the Berezinsky-Kosterlitz-Thouless (BKT) type, which has to be treated separately.
A. BKT Universality Class
In the one-dimensional case the quantum phase boundary can be rewritten as µ p(h) = B(t) ± ∆(t)/2, where the strong-coupling series for both the mean energy B(t) = (µ p + µ h )/2 and the energy gap ∆(t) = µ p − µ h follow from from Eqs. (21) and (22), respectively. On the other hand we know for the universality class of BerezinskyKosterlitz-Thouless that the energy gap ∆(t) is characterized by a non-analytic behaviour slightly below the critical point t c according to
with some coefficients A and W , so we conclude [log ∆(t)] 2 ∝ (t c − t) −1 . Such a divergent behaviour could be recovered from the strong-coupling series of [log ∆(t)] 2 , which is available in terms of Eqs. (21) and (22) in Appendix B. up to the 8th order by applying the Padé resummation method
To this end the corresponding Taylor series of the leftand right-hand side of Eq. (5) are used to obtain the respective coefficients a m and b n from fitting with the restriction n max + m max = 8. The most natural way to achieve this is to choose n max = m max = 4. Note that we also have to adopt a Padé resummation similar to Eq. (5) for the strong-coupling series of the mean energy B(t) in order to describe the re-entrance behaviour of the Mott lobe, which is typical for a phase transition of the Berezinsky-Kosterlitz-Thouless type. In this way we determine the whole quantum phase diagram for different fillings n. As shown in Fig. 2 , a quantitative comparison with DMRG calculations 33 at low filling n demonstrates that 
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the quantum phase boundaries determined from HSSCE together with a Padé resummation reveal a high accuracy except from tiny deviations at the lobe tip. In particular, the critical hopping amplitude t c coincides in our method with a real, positive simple pole of Eq. (5), which turns out to be unique. Table I lists the critical hopping amplitude t c for the first three fillings n. Our results combined with various DMRG calculations have established the consensus that t c /U ≈ 0.3 for n = 1. But note that the results of DMRG calculations for the critical point t c have also relatively large uncertainties and slightly deviate depending on the chosen observables since the gap becomes so small and requires extremely large system sizes. For filling n = 1, initial estimates were given to be t c /U = 0.277 ± 0.01 31 and have now been improved to t c /U = 0.3050±0.001 from density density correlations 33 (the red dot shown in Fig. 2) , t c /U = 0.2980±0.005 from the von-Neumann entropy, 34 and t c /U = 0.3030 ± 0.009 from the energy gap. 35 In addition, for increasing fillings n, we observe that the re-entrance behaviour weakens and tends to disappear. This result is an immediate consequence of the particle-hole symmetry which is recovered in the limit of infinite filling n → ∞ irrespective of the spatial dimension. Indeed, the Hamiltonian (1) does not change with the transformationb † →b ′ ,b →b ′ † , which implies for the filling n → n ′ + 1 ≈ n ′ . This is reflected in the strong-coupling results for the quantum phase boundaries listed in Appendix B by the property that the coefficients of the highest filling in the upper and the lower branch have the same absolute value but a different sign. 
B. XY Universality Class
For higher dimensional systems d ≥ 2, the energy gap follows slightly below the critical point t c the scaling law ∆(t) = A(t)(t c − t) zν . 2, 30 Here A(t) represents a regular function, whereas z and ν denote critical exponents, which characterize the dynamics and the correlation function of the respective universality class.
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Thus, also ∂(log ∆(t))/∂t has a simple pole at t c , which can be determined via the Padé resummation method. The resulting quantum phase diagram for different fillings n for the dimensions d = 2 and d = 3 are shown in Figs. 3 and 4 , respectively. We conclude that the analytically obtained quantum phase boundaries match quite well with QMC simulation result at filling n = 1 in both two and three dimensions. The real, positive simple pole of the Padé resummation, which turns out again to be unique, provides the critical points t c for different filling numbers n, where the lowest three values are listed in Table I . Moreover, the corresponding residue yields a value for the critical exponent zν listed in Table II. Our results reveal that zν slightly depends on the filling number n, but still deviates from the critical exponent of XY models. 40 Thus, higher order terms may need to be considered in a future work, in order to diminish that deviation. 
IV. RESCALING PROPERTIES OF DIFFERENT FILLING
In this section we investigate systematically the fillingdependent rescaling properties of the Bose-Hubbard quantum phase diagram and restrict ourselves to the case of 2d and the 3d. At first, we consider for different fillings n the rescaling properties of the critical point t c (n), which represents the tip of the Mott lobe. To this end we follow Ref. [28] and use its second-order strong-coupling result in order to re-express the hopping amplitude of the lobe tip for large filling n according to
Thus, in the limit of large filling, the effects of dimension d and filling n turn out to decouple. Assuming that such a decoupling property also holds for higher strongcoupling orders, we perform for the critical hopping amplitude the generic ansatz
where the filling-dependent factor represents a Taylor series in 1/n:
In the limit of infinite filling we then conclude
This means that f t (d) can be calculated both for d = 2 and d = 3 from the term with highest filling number n in each strong-coupling order for both the upper and the lower quantum phase boundary presented in Appendix B. Note that, due to the particle-hole symmetry mentioned above, the coefficients of the highest filling in the upper and the lower branch have the same absolute value but a different sign. After having obtained f t (d) for d = 2 and d = 3, we directly read off from Eq. (7) in each strong-coupling order the function
as a Taylor series in 1/n. In order to approach the infinite-order case, we perform a Padé resummation and rewrite the fillingdependent function as
Here M is an integer, which characterizes the order of the Padé resummation. The resulting functiong t (n) represents the rescaling function of the critical hopping amplitude. In Fig. 5 we have chosen M = 4 and have used the critical hopping amplitude at the tip of the first 100 Mott lobes to fit the scaling function. In addition it turns out that the rescaling functions in two and three dimensions nearly coincide, which supports a posteriori the above assumption from Eq. (7) that dimension d and filling n decouple. Furthermore, one can also use a similar strategy in order to investigate the rescaling properties of the critical chemical potential µ c (d, n)/U at the lobe tip. But then the above mentioned particle-hole symmetry for infinite filling implies for the chemical lim n→∞ µ p /U = 1−lim n→∞ µ h /U , so the critical chemical potential reads lim n→∞ µ c /U = 1 − lim n→∞ µ c /U = 1/2. Thus, the dimension dependent function is then given by f µ (d) =
Note that, in contrast to the critical hopping, the rescaling functiong µ (d,
In Fig. 6 we observe that all scaled Mott lobes, obtained from different filling numbers n, deviate only slightly from the quantum phase boundary at infinite filling.
Finally, we comment upon why the rescaling property turns out to be more complicated for the one-dimensional system. Although we could also find a rescaling function for the critical point, this rescaling function could not be used to map all the lobes to the infinite filling lobe. Whereas a Mott lobe with finite filling reveals a reentrance phenomenon due to the BKT quantum phase transition, this re-entrance phenomenon disappears in the limit of an infinite filling due to the particle-hole symmetry between the upper and the lower phase boundary. Thus, in one dimension there does not exist a universal rescaling function for all points of the quantum phase diagram.
V. RELATION WITH HIGH-ORDER EFFECTIVE POTENTIAL LANDAU THEORY
As has already been explained in the introduction, both SCE 14 and EPLT 22,23 represent two analytical perturbative methods for determining the quantum phase boundary of lattice systems. Usually the accuracy of their results are only compared in lower orders. Thus, in order to allow for a comparison in higher orders, we have also investigated the 2d Bose-Hubbard model with the HEPLT method from Ref. [20] up to the 10th order. Whereas the HSSCE method allows to determine the upper or the lower quantum phase boundary with one single calculation, HEPLT is more involved and needs independent calculations to obtain the critical hopping for each chemical potential. Note that, up to the same order, HSSCE turns out to be faster than HEPLT because it has not to deal with additional source terms.
Comparing the accuracy of both methods for d = 2 in 10th order, we find that the effective potential result has an error of about 2.4%, while the strong-coupling result turns out to have an error of about 5.0%. Thus we conclude that HEPLT is more accurate than HSSCE up to the same order. From Fig. 7 we also read off that the HEPLT result always gives smaller hopping values than the QMC result, while the HSSCE result gives larger values. Thus, we could use both methods in order to determine the region in the quantum phase diagram, where the phase boundary must exist. Extrapolating the results for both methods to infinite order yields quantum phase boundaries, which are basically indistinguishable from QMC 36 in the 2d system. However in 3d a comparison with results from QMC 37 reveals that extrapolating the 10th order of HSSCE has the same accuracy as extrapolating the 8th order of HEPLT. 20 Thus, up to the same order, the HEPLT method turns out to be more accurate in higher dimensional systems.
In a previous paper 41 we have pointed out the intriguing observation that, up to the second order, the SC coefficients coincide with those of a hopping expansion of the EPLT quantum phase boundary. Thus, for the Mott lobe n, one obtains the SC upper (lower) critical line by performing a hopping expansion of the EPLT quantum phase boundary around µ/U = n − 1 (µ/U = n). In view of proving such relations also for higher orders, we perform a symbolic calculation for the HEPLT method up to the 8th order. By a corresponding hopping expansion of the HEPLT quantum phase boundary we obtain, indeed, the same coefficients of both the upper and the lower HSSCE critical lines. As shown in Fig. 7 , the QMC results are located between the HSSCE and the HEPLT critical lines, so both methods can be considered as an overestimation and an underestimation, respectively. We think the reason is that, HSSCE neglects high order corrections but HEPLT includes more.
VI. CONCLUSION
In this paper we developed a symbolic implementation the process-chain approach 19, 20 for applying the strongcoupling expansion method 14 to very high orders. The resulting analytic symbolic expressions allow a detailed analysis of how the critical lines depend on the fillings numbers and the dimensions. As a concrete example we have calculated for the Bose-Hubbard model the quantum phase diagram between the superfluid and the Mott insulator in different dimensions. Applying the Padé resummation method, we have obtained the critical lines in the thermodynamic limit for arbitrary fillings. A comparison with DMRG and QMC calculations the phase transition at filling n = 1 demonstrates that the HSSCE method is quite accurate, so that it can be also used reliably determine the transition lobes at higher fillings which are hard to obtain from recent numerical and analytic methods.
In addition, the analytic expression of the phase boundaries can help to investigate systematically the rescaling properties of the quantum phase diagram. At the lobe tips we have found that the rescaling functions of the critical hopping almost coincide for both two and three dimensions, while the corresponding rescaling functions of the critical chemical potential turn out to be different. With this rescaling at the lobe tip it has then been possible to approximately map all the Mott lobes of different fillings to the infinite filling Mott lobe.
Finally, we have compared the HEPLT with the HSSCE method developed here and have concluded that the latter is easier to implement. However, it has also turned out that HSSCE is less accurate as HEPLT up to the same order. Furthermore, we have verified an intimate relation been both methods. Namely, the quantum phase boundaries from HEPLT and HSSCE have turned out to agree up to the 8th order in a power series with respect to the hopping.
In addition, we present our algorithm in greater detail in Appendix A, so that the respective steps should be reproducible for the reader. Further information is accessible in a Matlab code in the Supplemental Material, which can be downloaded from our homepage. 42 We conclude that our paper works out in detail a general symbolic high-order perturbation theory, whose applicability is not limited to the Bose-Hubbard model. Instead it may also be suitable to analyze other lattice systems, which describe, for instance, the supersolidsolid transition, 8 a mixture of two bosonic species, 16, 17 three-body interactions, 18 and even frustrated systems like Kagome superlattices 43 suffering from the sign problem. Furthermore it should be noted that our theoretical high-precision results could, in principle, be checked with in situ density measurements 44 and single atom detection 45 as they are possible these days, for instance, with the quantum gas microscope 46 or the scanning electron microscope. When a strong-coupling perturbation theory is used to determine the ground-state energy of a Bose-Hubbard model, the respective orders can be calculated recursively. To this end one has to consider different types of hopping processes which contribute to the considered perturbative order of the ground-state energy. However, such an algorithm has two disadvantages. (a) High-order results are based on lower orders. (b) It is hard to automatically generate the relevant hopping processes. In order to overcome those problems, Eckardt suggested to use the Kato representation of perturbation theory. 19 This allows to produce the respective perturbative terms in each order via a process chain approach which generates and evaluates the respective diagrams systematically. In view of the high-order strong-coupling expansion, we also use similar strategies. In the following, we discuss the three parts how to implement the algorithm in detail and take the lower-order terms for the Bose-Hubbard model in a square lattice as illustrative examples.
A.1 Kato representation
Kato worked out a particular representation for the perturbative terms of perturbation theory.
21 Therein, the nth order contribution to the ground-state energy for a perturbation of the Hamiltonian H ′ is given by the trace
Here each term is characterized by a Kato trace list
where the integers α 1 , . . . , α m+1 fulfill the condition
Furthermore, the operators S α ℓ are defined via
where |g , |e and E 0 g , E 0 e denote wave functions and energies of the ground state and the excited states, respectively. Thus, we read off from Eq. (15) the relation
(16) which is useful for simplifying products of operators S α ℓ . Additionally, we can conclude from Eq. (14) that there are at least two numbers in the Kato trace list α 1 α 2 ...α m+1 which are zero. The goal is to use Eq. (16) and the cyclic permutation of operators under the trace to move the S 0 -operators to the outside of the trace, so the expression can be rewritten in general as
If α 1 = α m+1 = 0 we immediately obtain the new indices α 
appears first in the product under the trace, which can then again be written in the form of Eq. (17) with a negative sign and one of the new indices with value α 1 + α m+1 . We define the resulting reduced list of indices as a Kato-list and use the abbreviated representation
So far two ways have been used to calculate the Katolists. One was suggested by Eckardt 19 and can be realized by the following steps. At first we substitute the operator S 0 with −|g g| into the Kato-list and use the abbreviation |g →) and g| → (. With this the Katolist changes into an array of elementary matrix element (EME) denoted by (.....), in which the operator S 0 no longer exists. Note that the EME has the reflection symmetry, so we have, for instance, (α 1 α 2 α 3 ) = (α 3 α 2 α 1 ). For convenience reasons we always change the form of the EME such that we take the smaller one, e.g. we use (121321) and not (123121). After that, to order the array of EMEs, we define the relative value of the EME with the following two rules. (i) The numbers α of the operators S α in the EME are firstly compared, thus we have (111) > (12). (ii) When the numbers coincide, then we compare the integer α of the first non-equal operator S α , so we have (123) < (132). Along these lines we can order the EMEs in the Kato-list. Consider, for instance, 2021011001 as an example for a Kato trace list, which can be transformed into the Kato-list −(11003021).
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The resulting EMEs (11)()(3)(21) can then be ordered to obtain ()(3)(11)(12), which is stored as a Kato-list −(03011012). At the end, the final Kato-lists can be ordered according to similar rules as the array of EMEs.
Let us take the fourth-order perturbative term as a concrete example to show how to generate the Kato-lists step by step and how to order them for later usage. It can be proved that the resulting fourth-order Kato representation coincides with the standard result of perturbation theory. The advantage of this algorithm is that one can get for each order the smallest number of Kato-lists, so that the computation time is drastically reduced. But the Kato-lists following from the above algorithm are only suitable provided that the ground state is non-degenerate. Let us illustrate this by the process A second approach for calculating Kato-lists was proposed in Ref. [26] in order to also treat degenerate ground states, which was then applied to a 1D system. Here the have to fulfill the conditions
Algorithm
Thus, more Kato-lists appear in each order, so the computational effort increases. In particular, now each
Arrow diagrams of 4th order in the square lattice, which are topologically equivalent suitable hashing technique, so that it is efficient to search for matching Kato-lists, which will be useful for the calculation below.
In conclusion, the original Kato-lists in Ref. [19] are useful for calculating non-degenerate ground-state energies as they show up, for instance, for Mott states. In contrast to this, the degenerate states of particle and hole excitations, as they appear within the strong-coupling method, have to be determined from Kato-lists of multiplicity one by taking into account the restrictions in Eqs. (19) and (20).
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A.2 Arrow diagrams generalization
Whereas the determination of the underlying Katolists is independent of the considered system, we now turn to their diagrammatic representation, which does depend on the underlying Hamiltonian or the topology of the lattice. To this end we follow Refs.
19,26 and remark that an expression e 1 |H ′ |e 2 in the Kato-list corresponds to a hopping process on the lattice, which can be represented by an arrow. Thus, in a lattice system, each perturbative term can be graphically depicted as an arrow diagram. According to the linked cluster theorem, only connected diagrams contribute to the ground-state energy, thus we only need all non-equivalent connected arrow diagrams. Whereas for the calculation of the nondegenerate ground-state energy only closed connected diagrams appear, for degenerate ground-state energies also open connected diagrams have to be considered. For instance, for a particle (hole) excited degenerate ground state, each perturbative term is equivalent to the hopping of a particle (hole) to another site, so any open connected diagram has exactly two ends. Thus, the respective arrow diagram can be interpreted as the path of a moving particle.
In order to generate all non-equivalent arrow diagrams, we fix at first the starting point at the center, and use different numbers or characters to label the respective directions. For instance, in case of a square lattice, we abbreviate up as 'u', down as 'd', left as 'l', and right as 'r'. After that, we get all possible connected arrow diagrams by applying combinatorics and represent them with the corresponding arrays of characters. Let us consider the second-order arrow diagrams as a concrete example: in case of a square lattice we have in total 16 diagrams, but Fig. 8(a) , which can be represented by (lrrl) or by (rllr). But if we define the priority r < u < l < d and only take the smallest one according to this order, the array corresponding to Fig. 8(a) is identified with (rllr). Proceeding in this way we avoid an overcounting of diagrams.
However, judging whether the diagram representation is the smallest one is not trivial, since there are several ways to follow a given set of arrows that point in and out from a central site as shown in Fig. 9 . All possible paths can be drawn in form of a tree graph as shown in the right panel of Fig. 9 . The smallest path, which passes through all the arrows, is the one to be determined. To this end, one can go through the whole diagram by moving in each step through the smallest arrow, but it is not allowed to move through one and the same arrow again. If one cannot finish with passing all the arrows, one has to trace back to the latest site, which has at least two arrows pointing out, and has now to choose the next smallest arrow to move through. After several tracing back processes, one gets the smallest diagram representation, when all arrows are passed.
After having produced all the smallest diagrams of the considered perturbative order, we reduce the number of diagrams due to symmetries and take the number of equivalent diagrams as its corresponding weight. For the lattice system, we can take into account both point group symmetry and translational symmetry. Taking again the square lattice as a concrete example, its point symmetry D 4 has 8 operations. For instance, diagram Fig. 8(b) can be obtained by rotating Fig. 8(a) by 90 degrees to the right. After implementing all 8 operations on Fig. 8 , we obtain only two different diagrams (a) and (b), so their weight is 2. Furthermore, for the Mott insulating state we can also consider the translational symmetry. The diagram Fig. 8(c) After having performed all these operations on diagram Fig. 8(a) , we find that there are in total six diagrams with the same contribution, so its weight is finally six. For the particle (hole) excited state, the starting point should always be at site k, so there is no translational symmetry and only the point group symmetry has to be considered. Based on group theory, we find a more generic method to determine the weight of the smallest arrow diagram. To this end we denote the symmetry group by G and the number of its elements by n G . If an arrow diagram is not changed under n g group operations, this means that these operations belong to a subgroup g of G and that there are n G /n g different arrow diagrams. These arrow diagrams can be obtained by performing group operations on each other and they are not changed under operations, which belong to the subgroup g. The smallest arrow diagram can be stored and its weight turns out to be n G /n g . Note that, in contrast to calculating the ground-state energy of the Mott insulator, for particle (or hole) energy corrections, the weight does not need to be divided by the number of covered sites, since no overcounting exists. In Table III we show the number n s of diagrams in the square lattice after having applied the reduction by symmetry up to 12th perturbative order. For energy corrections, we consider only closed diagrams with both point group and translational symmetries. But for the SC energy both closed and open diagrams appear, but a simplification occurs only due to point group symmetries. Consequently, although both energies contain closed diagrams, they have different weights due to the different symmetry considerations. Despite this symmetry simplification, we can further reduce the diagram number by considering their topology. As there is no long-range diagonal interaction and the on-site Hamiltonian H 0 is uniform, the diagrams (a) and (d) of Fig. 8 have the same value. By marking the respective positions between different sites in the diagram and relabeling the involved site indices, we can find all topological equivalent arrow diagrams and store the smallest one at the end. Then, the sum of their weights is considered to be the new weight of the diagram. For the diagrams shown in Fig. 8 , only (c) needs to be stored. From Table III , we find that the reduction due to topology dramatically decreases the number of diagrams n t , especially for the open diagrams which represent the dominant part of the particle (or hole) energy. Moreover, note that for a bipartite lattice no closed diagram exists in any odd perturbative order. Thus, the algorithm concerning the diagrammatic representation of Kato-lists is summarized as follows. At first all connected arrow diagrams are produced by combinatorics, discarding the overcounted ones. Afterward, both symmetry and topology considerations reduce the number of different arrow diagrams.
A.3 Calculation
At last, we turn to the explicit calculation of the energy corrections for the non-degenerate Mott state. 19 To this end one has to take into account that there are several ways for each arrow diagram to specify the arrow order and each order list is called a process chain. To illustrate this by a concrete example, we consider again the fourthorder diagram in the square lattice. Based on the arguments above, we only store in Fig. 8 the arrow diagram (c), which is characterized by (rrll). If we label each arrow with a number, we have in total four processes. Taking into account all permutations, we have 4! = 24 types of process orders or process chains. In Fig. 10 , we show one possible process chain with arrow order 1 4 2 3. All Kato-lists, which satisfy the form (α to sum them and multiply the result with the weight of this diagram, which is 4. For calculating the SC energy, we need to consider the degenerate ground state and the algorithm has to be adjusted accordingly. 26 The main idea for calculating the degenerate ground state energy is to construct the effective Hamiltonian matrix perturbatively in the Hilbert space of the degenerate ground states. The diagrams, which have the same end points, belong to the same matrix elements and define an effective hopping process.
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Thus in order to get the SC energy, we only need to add all effective hopping matrix elements. Similar to the Mott energy correction, we first need to find out all the process chains and their suitable Kato-lists. As shown in the process chain of Fig. 11 , any stateb † i |ψ 0 represents a zeroth order ground state, so the process chain matches the Kato-list (00α ′ 1 ), and the only Kato-list of this form, which appears, is (003). In case of a particle excitation of a Mott insulator with filling n, the energy correction of this process chain turns out to be
(−1)(−1)(−U) 3 . After having obtained all the values of the process chains of this arrow diagram, we need to sum them and multiply the result with the weight of this diagram, which is 6.
A.4 Summary
In conclusion, we have to proceed along the following lines in order to calculate the SC energy: At first, we have to generate all process chains of the arrow diagram. Then we have to find the suitable Kato-lists, which we have to calculate. We sum all energy values of the different Kato-lists, in order to get the energy of one process chain. Subsequently, we sum the energies of all process chains and multiply with the weights of the arrow diagrams to determine the energy of the arrow diagrams. At last, we sum the energies of all open and closed arrow diagrams for the SC energy. Finally, by subtracting the energy correction of the particle (or hole) excitation and the Mott state, we obtain the resulting critical line in the respective perturbative order.
